We show that hyperbolic electromagnetic metamaterials implemented as multilayers based on two material constituents arranged according to Thue-Morse (ThM) aperiodic sequence may exhibit strong nonlocal effects, manifested as the appearance of additional extraordinary waves which are not predicted by standard effective-medium-theory (local) models. From the mathematical viewpoint, these effects can be associated with stationary points of the transfer-matrix trace, and can be effectively parameterized via the trace-map formalism. We show that their onset is accompanied by a strong wavevector dependence in the effective constitutive parameters. In spite of the inherent periodicity enforced by the unavoidable (Bloch-type) supercell terminations, we show that such strong nonlocality is retained at any arbitrarily high-order iterations, i.e., approaching the actual aperiodic regime. Moreover, for certain parameter configurations, at a given wavelength and for two given material layers, these effects may be significantly less prominent when the same layers are arranged in a standard periodic fashion. Our findings indicate that the (aperiodic) positional order of the layers constitutes an effective and technologically inexpensive additional degree of freedom in the engineering of optical nonlocality.
I. INTRODUCTION
Electromagnetic (EM) metamaterials are artificial materials composed of subwavelength dielectric and/or metallic inclusions in a host medium, which have attracted considerable scientific and application-oriented attention due to possibility to engineer anomalous properties (e.g., negative refraction) that are not observable in natural materials.
1 Of particular interest are the so-called "hyperbolic" metamaterials, 2,3 characterized by nonmagnetic, uniaxally-anisotropic constitutive relationships with both positive and negative components of the permittivity tensor. This yields a hyperbolic (as opposed to spherical, in conventional isotropic media) dispersion relationship, which allows for propagation of (otherwise evanescent) waves with large wavevectors, resulting in a high (theoretically unbounded) photonic density of states. The reader is referred to Refs. 4-12 for a sparse sampling of applications, ranging from nanoimaging to quantum nanophotonics and thermal emission.
In what follows, we focus on multilayered hyperbolic metamaterials, 7 implemented via stacking of alternating subwavelength layers with negative and positive permittivities (e.g., metallic and dielectric, at optical wavelengths). For this class, the effective medium theory (EMT) provides a particularly simple model in terms of a homogeneous, uniaxiallyanisotropic permittivity tensor with components given by the Maxwell-Garnett mixing formulas. 13 However, a series of recent papers [14] [15] [16] [17] [18] have pointed out the limitations of this model in predicting nonlocal effects that can take place (even in the presence of deep subwavelength layers) due to the coupling of surface plasmon polaritons (SPPs) propagating along the interfaces separating layers with oppositely-signed permittivities. This may result, for instance, in the misprediction of additional extraordinary waves 15, 18 as well as of the broadband Purcell effect. 17 We point out that typical multilayered hyperbolic metamaterials are based on periodic arrangements of the layers. 7 In fact, the EMT model describing the local response is independent of the positional order of the layers, and depends only on the permittivities of the two constituents and their filling fractions. 13 However, one would intuitively expect the positional order of the layers to sensibly affect the nonlocal response. It seems therefore suggestive to investigate possible nonlocal effects in structures characterized by aperiodic order inspired by the "quasicrystal" concept in solid-state physics. 19, 20 Within this framework, we study here the nonlocal response of hyperbolic metamaterials constituted by multilayer superlattices based on the Thue-Morse (ThM) geometry.
these structures, we identify certain nonlocal effects, in terms of additional extraordinary waves, that are strongly dependent on the specific positional order of the material layers.
Accordingly, the rest of the paper is laid out as follows. In Sec. II, we introduce the problem geometry and formulation, as well as the main analytical tools utilized (with details relegated in Appendices A and B). In Sec. III, we derive, illustrate and validate the main results, via analytical studies, retrieval of effective wavevector-dependent constitutive parameters, and full-wave numerical simulations. In Sec. IV and Sec. V, we provide some additional remarks and conclusions, respectively.
II. PROBLEM FORMULATION AND ANALYTICAL MODELING

A. Problem Geometry and Generalities
Referring to the two-dimensional (2-D) y−independent geometry in Fig. 1 , we consider a multilayer superlattice obtained via the infinite repetition along the z−axis of a supercell composed of layers of two nonmagnetic, material constituents labeled with the letters "a"
and "b" (with relative permittivities ε a and ε b , and thicknesses d a and d b , respectively), arranged according to the ThM sequence. Assuming as an initiator the sequence "ab," this amounts to iterating the following inflation rules
as shown schematically in the inset of Fig. 1 for the first iteration-orders n. In what follows, we study the time-harmonic [exp(−iωt)] propagation of transversely-magnetic (TM) polarized EM fields, neglecting for now material losses, as previous studies 18 have shown that they only mildly affect optical nonlocality.
It is readily recognized that the first two iterations (n = 1, 2) correspond to standard periodic multilayers (with period d = d a + d b and 2d, respectively); these will be accordingly referred to as "standard periodic" cases. In fact, we emphasize that the geometry in Fig. 1 is inherently periodic for any finite iteration-order n, and approaches the actual aperiodic regime in the limit n → ∞ (see Sec. IV A below). Moreover, we observe that, given the structure of the inflation rule in (1), any iteration-order of our ThM multilayer contains the same proportions of "a"-type and "b"-type constituents as the standard periodic case, and differs solely in the positional order of the layers. Accordingly, the Maxwell-Garnett mixing formulas for the parallel ( , i.e., x, y) and orthogonal (⊥, i.e., z) permittivity components
yield the same EMT model for any iteration-order, which results in the dispersion relation-
where k x and k z indicate the x− and z− components, respectively, of the wavevector k (cf. 
B. Exact Dispersion Relationship
Multilayers based on the ThM geometry have been widely studied in the past, in the form of dielectric/semiconductor photonic quasicrystals (see, e.g., Refs. 22-27 for a sparse sampling), and with main focus on the resonant-transmission, localization, omnidirectionalreflection, and bandgap properties. To the best of our knowledge, no previous attempt was made to study ThM-based hyperbolic metamaterials. Following a rather standard approach (see Appendix A for more details), the exact dispersion relationship pertaining to a nth-order
ThM supercell terminated by Bloch-type phase-shift walls (cf. Fig. 1 ) can be compactly written as
where D n = 2 n−1 d represents the total supercell thickness at the iteration-order n, and χ n denotes the trace (i.e., the sum of the diagonal elements) of the transfer-matrix that relates the tangential components of the EM fields at the supercell interfaces z = 0 and z = D n .
For the first two iterations n = 1, 2, the trace can be straightforwardly calculated as
thereby recovering the familiar Bloch-type dispersion relationship of standard periodic multilayers (as in Refs. 14-18), where
For higher-order iterations, a particularly simple recursive calculation procedure can be adopted, based on the trace-map 28, 29 (see also Appendix B for details)
C. Conditions for Additional Extraordinary Waves
The exact dispersion relationship in (4) reduces to the local EMT model in (3) in the limit d → 0, but it may significantly depart from that for finite (and yet subwavelength) layer thicknesses. In particular, we are interested in exploring possible nonlocal effects manifested as the appearance of additional extraordinary waves that are not predicted by the local EMT model in (3), and have already been observed in hyperbolic metamaterials based on standard periodic multilayers. 15, 18 From the mathematical viewpoint, this phenomenon is related to multiple (apart from sign) k x solutions of (4) for a given value of k z and ω, which may occur if the trace χ n is a nonmonotonic function of k 2 x . We are therefore led to study the stationary points of the trace χ n with respect to the argument k
III. REPRESENTATIVE RESULTS
A. Trace-Map and EFC Studies
In order to better emphasize the role of the positional order in the onset of these nonlocal phenomena, we deliberately focus on parameter configurations for which the hyperbolic metamaterial arising from the first iteration n = 1 (i.e., a standard periodic multilayer) is well-described by the local EMT model in (3). This translates in the trace χ 1 in (5) being well approximated by its second-order Taylor expansion in d, 
, and evanescent otherwise. We now move on to looking at higher-order iterations of the ThM geometry. From the trace-map in (7), we straightforwardly obtaiṅ
with the overdot denoting differentiation with respect to the argument k 2
x . This implies that the vanishing of the trace at a given iteration-order, i.e., χ n = 0 is a sufficient condition for a stationary pointχ n+2 = 0, and hence the presence of additional extraordinary waves, at a higher-order iteration. Therefore, if the trace χ 1 admits a zero, then χ 3 should exhibit at least one stationary point. For the assumed parameter configuration, for which the local EMT model, and hence the quadratic approximation in (9), holds reasonably well at the first iteration-order, the position k x0 of such zero (and corresponding stationary point) admits a simple analytical estimate as
which yields a real solution provided that ε k 2 d 2 ≤ 2. In our case, this last condition is verified and, as can be observed from iteration-order in Fig. 4 , we note that the trace χ 4 exhibits a maximum (χ 4 = 2) at k x0 .
We therefore obtain two (always propagating) modes which degenerate at k 
B. Nonlocal Effective Constitutive Parameters
An effective nonlocal model capable of capturing the above effects can be derived in terms of a homogeneous uniaxial medium with wavevector-dependent relative-permittivity
suitably approximates the exact dispersion law in (4). In Ref. 14, for a similar (standard periodic multilayer) configuration, such a model was successfully derived in terms of secondorder rational functions (of k x and k z ), so that the exact and approximate dispersion laws would match up to the fourth order in d. In our case here, in view of the generally larger dynamical ranges observed, we found it necessary to derive a higher-order model,
by matching the exact dispersion law in (4) up to the tenth-order in d. The coefficients α l and β l , l = 0, 2, 4, 6, 8, generally depend on the frequency and on the geometrical and constitutive parameters of the multilayer, and are given in Tables I and II, respectively, for the parameter configuration and iteration-orders (n = 1 and n = 3) as in Fig. 2 .
As can be expected, for the n = 1 iteration-order (standard periodic multilayer), the coefficients pertaining to higher-order terms in k x and k z are quite small. The resulting mild wavevector-dependence in the effective parameters is also visible in Figs It should be stressed that the above approach is not the only one available (see, e.g.,
Ref. 16 for an alternative), and that it is inherently limited to the modal analysis in a bulk medium scenario. Applications to boundary-value problems generally require more refined models as well as the derivation of additional boundary conditions.
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C. Propagation Through a Slab
We now focus on an independent validation of our findings above. To this aim, for computational affordability, we study the TM plane-wave propagation through a slab of our ThM-based hyperbolic metamaterial (infinitely long in the z−direction and of finite thickness along x, with parameters as in Fig. 2 ) immersed in vacuum, at various iterationorders. Our numerical simulations below rely on a Rigorous Coupled Wave Analysis (RCWA) algorithm, 31 based on the Fourier-series expansion of the piecewise-constant permittivity distribution of the supercell. In our study, the truncation of this expansion was chosen according to a convergence criterion based on the root-mean-square (RMS) variations of the magnetic-field distribution within the supercell. Basically, the number of modes in the expansion was increased until RMS variations < 2% were observed. For the larger supercells considered in our study (n = 5 iteration-order, i.e., 32 layers), convergence was achieved by using 391 modes.
Figure 8(a) shows a field-magnitude map pertaining to the first iteration-order n = 1 (i.e., standard periodic multilayer) for normal incidence (k z = 0) and thickness L = 0.75λ. As can be observed also from the longitudinal (x) cut in Fig. 8(b) , the field is totally reflected, with only an evanescent decay inside the slab, which is accurately fitted by an exponential tail (red-dashed curve) with attenuation coefficient
as predicted by the local EMT model in (3). The z-cut in Fig. 8(c) shows that the transverse field distribution is rather uniform (∼ 10% variations) and weakly peaked at the centers of the layers. Overall, as expected, the local EMT model provides a satisfactory prediction.
Similar considerations hold for the n = 2 iteration-order (standard periodic multilayer of period 2d) shown in Fig. 9 .
The response dramatically changes for the n = 3 iteration order, as illustrated in Qualitatively similar results can be observed for the higher-order iterations n = 4 ( Fig.   11 ) and n = 5 (Fig. 12) . However, the response in Fig. 12 is more complex than the previous cases, since the standing wave inside the slab now results from the interference of three waves (cf. Fig. 5 ) with different wavenumbers. Also, a moderate increase (by a factor ∼ 3) in the peak amplitudes is observed.
The above field maps validate our previous EFC-based studies, demonstrate the actual excitability of the additional extraordinary waves, and provide some useful insight into their physical nature. However, it would be interesting to relate these nonlocal effects to more practically accessible observables, and to investigate their sensitivity with respect to the geometrical parameters as well as the unavoidable material dispersion and losses. To this aim, for the same parameter configuration above, Fig. 13 compares the transmittances observed for the n = 1 and n = 3 iteration-orders, as a function of the slab thickness, at a fixed frequency. While for the n = 1 iteration-order (i.e., standard periodic case) the transmittance exhibits a very fast monotonic decay, for the n = 3 iteration-order we can observe a series of sharp peaks characterized by almost perfect transmission. For this latter case, Fig. 14 shows a more realistic response, as a function of the normalized frequency.
More specifically, we assume ω 0 as a fiducial angular frequency, and consider a Drude-type dispersion model for the negative-permittivity material constituent,
with parameters (given in the caption) chosen so that Re[ε b (ω 0 )] = −1.83 with a losstangent of 10 −3 . We still observe a series of sharp transmittance peaks, though with a reduced dynamic range, due to the various detuning effects as well as the losses.
As anticipated in Sec. III B, the nonlocal effective parameters in (13) are generally inadequate to providing an accurate description of the slab response. Nevertheless, they can still correctly predict some coarse features. For instance, by estimating via (13) the effective material wavelength (for normal incidence, i.e., k z = 0)
as a function of frequency, we observe that the transmittance peaks in Fig. 14 occur at frequencies for which the slab thickness approaches a half-integer number of λ e (see the inset).
Therefore, these peaks are attributable to Fabry-Perot-type resonances of the additional extraordinary waves.
IV. SOME REMARKS A. The Role of Aperiodic Order
Since the above results refer to various finite iteration-orders of the ThM geometry, one may wonder to what extent they are attributable to the inherent periodic truncation of the supercell (cf. Fig. 1 ) or to more ore less trivial scaling effects, rather than the actual aperiodic order. The following considerations are in order.
First, we highlight that the particular structure of the ThM inflation rule in (1) ensures that, at any iteration-order, no more than two consecutive identical symbols may occur (e.g., aaa and bbb, or longer, sequences are forbidden). 21 This implies that the nonlocal effects observed are not trivially attributable to an effective increase of the average layer thickness.
Second, we recall that the trace-map formalism may be effectively utilized to infer some asymptotic properties in the limit n → ∞, i.e., in the limit for which the artificial periodicity enforced by the Bloch-type phase-shift walls is washed out by the actual aperiodic order. Within this framework, we observe from Fig. 2 that the the stationary point at k x0 corresponds to χ 3 = 2, which represents the band-edge condition. When substituted in (10) (together withχ 3 = 0), this implies that alsoχ 4 = 0 at k x0 . Moreover, we note from the trace-map (7) that this will also imply that
In other words, the additional extraordinary waves associated with the stationary point at k x0 will be retained by any arbitrarily high iteration-order of the ThM multilayer, and hence also in the actual aperiodic-order limit.
B. Relationship with Resonant Transmission
In previous works, 23,26 the condition χ n = 2 has also been associated with perfect transmission through ThM-based quasicrystal multilayers. We emphasize that such configurations are, however, different from our slab configurations in Figs. 8-12, since they assume a finite-size (along z) nth-order ThM dielectric multilayer sandwiched between two infinite (along z) homogeneous, isotropic media. Conversely, in our configurations in Figs. 8-12 , the slab is truncated along the x direction, and the material constituents have oppositely-signed permittivities.
For the ThM multilayer configurations as in Refs. 23 and 26, It can be shown that the transmittance pertaining to a generic iteration-order n can be parameterized as
with υ n denoting the "anti-trace" (i.e., the difference between the off-diagonal terms M 21
and M 12 ) of the multilayer transfer-matrix M (see Appendix A). Interestingly, for the ThM sequence, also the anti-trace admits a simple map. In particular, letting υ n andυ n the transfer-matrix anti-traces pertaining to a ThM multilayer at iteration-order n initiated by an "ab" or a "ba" sequence, respectively, the following recursive rules hold
In the lossless case (i.e., real-valued traces and anti-traces), we note that the condition χ 1 = 0 (which ensures the presence of additional extraordinary waves in our scenario) also implies χ n = 2, υ n =υ n = 0, i.e., T n = 1 for n ≥ 3 in (18) . This corresponds to perfect transmission in the scenarios of Refs. 23 and 26. Paralleling those studies, and generalizing the underlying approaches (see, e.g., Ref. 26) , it can be shown for our scenario that the number of additional extraordinary waves grows exponentially with the iteration-order. In particular, the spectrum exhibits self-similarity and characteristic trifurcation.
Although all results above pertain to a parameter configuration featuring ε > 0 and ε ⊥ < 0, qualitatively similar considerations also hold for parameter configurations characterized by ε < 0 and ε ⊥ > 0. Figure 15 shows the traces and corresponding EFCs at iteration-orders n = 1 and n = 2, as in Fig. 2 , but with different material parameters (given in the caption) corresponding to ε = −1 and ε ⊥ = 3. Once again, parameters are chosen so that the first iteration n = 1 (standard periodic multilayer) is reasonably well described by the local (EMT) model. As can be observed from Fig. 15(a) , the trace χ 1 agrees pretty well with its quadratic approximation in (9) up to values k x 0.5π/d, and vanishes at k x0 = 0.715π/d. Therefore, by comparison with the case in Fig. 2 , the simple analytical approximation in (11) now yields a larger (∼ 20%) error in the position of the zero. Nonetheless, as can be observed from Fig. 15(b) , the local EMT model still correctly predicts the presence of a single wave propagating for
arbitrarily small values of k z . As expected, the trace χ 3 pertaining to the n = 3 iterationorder exhibits a maximum (χ 3 = 2) at k x0 [see Fig. 15(c) ]. However, unlike the case in = mπ/(2d), m = 0, 1, 2, ... Therefore, the same general observations and conclusions hold as for the case featuring ε > 0 and ε ⊥ < 0 in Fig. 2 . However, the field distributions for plane-wave-excited slab configurations (not shown for brevity) are less clean-cut than those in Figs. 8 and 10 , since the local mode is now always propagating, and thus the difference between the standard periodic multilayer and the n = 3 iteration-order is less striking.
V. CONCLUSIONS
To sum up, we have shown that hyperbolic metamaterials implemented as multilayered based on the ThM sequence may exhibit strong optical nonlocality, manifested as the appearance of additional extraordinary waves and a strong wavevector dependence in the effective constitutive parameters. From the mathematical viewpoint, we associated these effects to stationary points of the transfer-matrix trace, and derived simple analytical design rules.
The chosen ThM geometry is particularly interesting since different iteration-orders differ solely in the positional order of the constituent material layers. Interestingly, we identified some configurations for which these nonlocal effects are rather weak at the first two iterationorders (n = 1, 2, corresponding to standard periodic multilayers) and become markedly more prominent at higher iteration-orders n ≥ 3, even in the limit n → ∞ for which the (periodic) truncation effects become progressively less relevant.
To the best of our knowledge, against the many implications and applications of aperiodicorder to optics and photonics (see, e.g., Refs. 32 and 33 for recent reviews), this represents the first evidence in connection with optical nonlocality. Besides the inherent academic interest, from the application viewpoint, this constitutes an important, and technologically inexpensive, additional degree of freedom in the engineering of optical nonlocality, which may be also be fruitfully exploited within the recently-introduced framework of nonlocal transformation optics.
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We highlight that the ThM sequence was considered here only in view of its particularly simple inflation rule and associated trace-map, which facilitate analytical treatment as well as direct comparison with standard periodic multilayers, but the results are more general. In fact, one of the most intriguing follow-up study may be the systematic design of deterministic aperiodic sequences, via suitable inflation rules and associated polynomial trace-maps, 28 yielding prescribed nonlocal effects.
Appendix A: Dispersion Relationships for Generic Multilayers
The dispersion relationship of a periodic multilayer consisting of the infinite replication of a generic supercell can be straightforwardly obtained by applying the rigorous transfermatrix approach.
35 Figure 16 schematically illustrates a rather general supercell composed of N layers with relative permittivity ε j and thickness d j , j = 1, ..., N, stacked along the zdirection. For the assumed TM polarization, the tangential components at the two interfaces of a generic j-th layer can be related as
where η denotes the vacuum characteristic impedance, the (x, z) dependence in the fields has been omitted for notational compactness, and the unimodular transfer matrix is given by
and k x indicating the (conserved) transverse wavenumber. Proceeding layer by layer, the tangential field components at the interfaces of the supercell can be therefore related by cascading the relevant transfer matrices, viz.,
In view of the assumed overall periodicity along z, the fields should be likewise periodic of period L (the overall thickness of the supercell), apart from a phase factor. This can be enforced via Bloch-type phase-shift conditions at the supercell interfaces z = 0 and
with k zB denoting the Bloch propagation constant. The arising homogeneous linear system of equations admit nontrivial solutions if
with I denoting the 2 × 2 identity matrix. Recalling that the supercell transfer-matrix M in (A5) is unimodular (as the product of unimodular matrices), i.e.
the relationship in (A6) can be recast as
with Tr denoting the trace operator. For a multilayer composed of only two types of layers (labeled as "a" and "b") arranged according to the ThM aperiodic sequence, of interest in our study, the trace of the supercell transfer-matrix at a generic iteration-order n needs not to be calculated via the product in (A5), but can be obtained in a much more direct fashion, via the trace-map formalism.
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Letting M n andM n the transfer matrices pertaining to a ThM multilayer at iteration-order n initiated by an "ab"-type or a "ba"-type sequence, respectively, the following recursive rules hold
with initial conditions
where M (a) and M (b) denote the transfer matrices associated with a single a-type and b-type layer, respectively. These latter may be formally obtained via (A1)-(A3) by replacing the layer index j with the symbols a and b, respectively. Thus, for a given iteration-order n ≥ 1, we obtain
while, for adjacent iteration-orders, we can write
with the last equality following from the trace invariance under cyclic permutations. 36 Recalling that, as a consequence of the Caley-Hamilton theorem, 36 the square of a general unimodular matrix A of trace χ A can be written as
and substituting in (B4), we obtain
where, in the last equality, the linearity of the trace operator has been exploited, as well as the result in (B3). This yields the trace-map in (7). * vgaldi@unisannio.it Also shown, as references, are the local EMT predictions (red-dashed curves) and the exact EFC (blue-solid curve). 
